This article reports on the use of the Action-Process-Objects-Schema (APOS) theory as a theoretical framework to investigate first-year students' understanding of the chain rule at a University of Technology in South Africa. Instructional design as part of APOS, based on the genetic decomposition, was used to teach the first-year students differentiation involving the concept of the chain rule and its use. A questionnaire based on functions, the composition of functions, derivatives and the structure of the integrand was used to monitor the development of the chain rule schema. Later, worksheets based on the use and application of the chain rule were designed to foster collaborative learning. A sample of 30 students participated in the study. In this manner differentiation of each function in the composite function was accomplished. Students either operated in the Inter-or Trans-stage of the Triad. It was found that students who had inadequate understanding of the composition of functions, performed well in the application of the chain rule. The analysis led to a formulation of three techniques for using the chain rule, namely: (1) the straight form technique; (2) the link form technique; and (3) the Leibniz form technique.
INTRODUCTION
Calculus is one of the topics introduced to learners in Grade 12, yet a large number of them receive inadequate mathematics education and go to university mostly under-prepared for the study of differential calculus. Furthermore, the chain rule for differentiation is not part of the South African school syllabus, and in our experience, many first-year university students have difficulty in understanding this rule. This phenomenon was also observed by Orton (1983) who indicated that students: (1) had problems in understanding the meaning of the derivative when it appeared as a fraction or the sum of two parts and application of the chain rule for differentiation; and (2) had little intuitive understanding of the derivative as well as fundamental misconceptions about the derivative. Also in our experience some teachers at high school are not very comfortable with calculus and its applications.
At the University of Technology, students do first-year mathematics over a period of six months. This comes after spending a year or a semester being prepared in the foundation course. This allows more time for developing concepts and the prerequisite knowledge required for first-year mathematics. The emphasis on exploring the use of the chain rule with trigonometric functions and verbal representations of calculus concepts can be fostered through reflective abstractions following Dubinsky's (1991a) model of conceptual understanding. He believes that the concept of reflective abstraction that was introduced by Piaget (Berth and Piaget 1966) can be a powerful tool to describe the development of the study of advanced mathematical thinking and that it could be used to analyse any mathematical knowledge applicable to higher education.
This article reports on how students conceptualised mathematical learning in the context of calculus with specific reference to the chain rule. The study focused on how students used the chain rule in finding derivatives of composite functions (including trigonometric ones). The study was based on the Action-Process-ObjectsSchema (APOS) theory in exploring conceptual understanding displayed by firstyear University of Technology students in learning the chain rule in calculus.
BACKGROUND AND LITERATURE REVIEW
The APOS theory proposes a set of mental constructs that an individual has to have in order to understand a given mathematical concept (Dubinsky 1991a; 1991b) . This theory has been very useful in attempting to understand students' learning of a broad range of topics in calculus, abstract algebra, statistics, discrete mathematics, and other areas of undergraduate mathematics and to suggest ways that students can learn these concepts (Dubinsky and McDonald 2001) . They further suggest that this theory can point academics towards pedagogical strategies that lead to marked improvement in: (1) students' learning of complex or abstract mathematical concepts; and (2) students' use of these concepts to prove theorems, provide examples, and solve problems.
The chain rule is the underlying concept in many applications of calculus: implicit differentiation; solving related rate of change problems; applying it in the fundamental theorem of calculus; and solving differential equations. Research (Hassani 1998) into the nature of students' understanding of the concepts underlying calculus showed significant gaps between their conceptual understanding of the major ideas of calculus and their ability to perform procedures based on those ideas. The chain rule states that: If ) (x g is a function differentiable at c and f is a function differentiable at ) (c g , then the composite function fog given by (fog) (x)= f(g(x) ) is differentiable at c
The chain rule is usually applied in differentiation of a composition of two or more functions. For example: Let
be a composition of about four functions so that when using the straight form technique, the derivative would be given by:
Effective learning depends both on the knowledge and experience already existing within a student's level of development as well as on the student's potential to learn (Vygotsky 1986) . Understanding a mathematical concept includes knowing facts and concepts and how they connect, and this should be related to knowing how and when to use skills and strategies. The understanding of a mathematical concept is explained in this study with the help and adoption of the APOS theory. For the study we asked: 'How do students construct mental structures to recognize and apply the chain rule to functions in the context of calculus?' In answering this question we focused on: (1) students' schema alignment with the genetic decomposition of the chain rule; and (2) the triad stage of schema development in which students operate with respect to the chain rule.
THEORETICAL FRAMEWORK
The study was conducted according to a specific framework for research and curriculum development in advanced mathematics education, which guided the systematic enquiry of how students acquire mathematical knowledge and what instructional interventions contribute to student learning. The framework consists of three components, namely: theoretical analysis, instructional treatment, and observations and assessment of student learning as proposed by Asiala et al. (2004) , illustrated in Figure 1 . 
Theoretical analysis
The first step in this approach was to conduct an initial theoretical analysis of the chain rule concept relative to specific mental constructions that a student makes in order to develop his understanding of the chain rule. This led to a design of instructional treatment that focused directly on trying to get students to make constructions in the proposed genetic decomposition of the chain rule. The last step engaged implementation of instruction leading to the collection of data, which was analysed in the context of the theoretical perspective. A more complete description of the research framework used in the current study can be found in Asiala et al. (2004) . Hence, the researcher defines the following APOS concepts for clear understanding of the genetic decomposition of the chain rule. The descriptions of action, process, object and schema -given below -are based on those given by Weller, Arnon and Dubinsky (2009) and Maharaj (2010) : Action: A transformation is first conceived as an action, when it is a reaction to stimuli which an individual perceives as external. It requires specific instructions, and the need to perform each step of the transformation explicitly.
Process: As an individual repeats and reflects on an action, it may be interiorised into a mental process. A process is a mental structure that performs the same operation as the action, but wholly in the mind of the individual.
Object: If an individual becomes aware of a process as a totality, realises that transformations can act on that totality and can actually construct such transformations (explicitly or in his/her imagination), then it can be said that the individual has encapsulated the process into a cognitive object. For example, for the limit of a function concept an individual may confront situations requiring him/her to apply various actions and/or processes. These could include thinking about an operation that takes two functions and produces a new function.
Schema: A mathematical topic often involves many actions, processes, and objects that need to be organised and linked into a coherent framework, called a schema. It is coherent in that it provides an individual with a way of deciding, when presented with a particular mathematical situation, whether the schema applies.
The level of development of mental construction could be described in terms of the levels in a triad (Berth and Piaget 1966) which consists of the following stages: (1) Intra-, (2) Inter-, and (3) Trans-stage. In the Intra-stage, students have a collection of rules for finding derivatives of functions in various situations, but have no recognition of the relationships between them. They are able to solve some of the problems by simply applying rules which they have memorised and in some cases not remembered correctly. Students in the Inter-stage show evidence of having collected some or all the differentiation and integration rules in a group and sometimes provide the general statement of the chain rule without yet constructing the underlying structure of the relationships (Jojo, Brijlall and Maharaj 2010) . In the Trans-stage, students display coherence of understanding of a collection of derivative rules and understanding of composition of functions as a schema; link the composition and decomposition of functions to differentiation; and recognise various forms of the chain rule as linked in the sense that they follow from the same general rule through function composition.
DESIGN AND IMPLEMENTATION OF THE INSTRUCTION
The genetic decomposition of the concept of the chain rule given here guided the researchers' teaching instruction in class and the construction of the interview tasks. Understanding of the concept of the chain rule was explored in relation to the development of schema relevant to it. Students were provided with activities in class that were designed to induce them to make the suitable mental constructions as suggested by a proposed initial genetic decomposition. A genetic decomposition postulates the particular actions, processes, and objects that play a role in the construction of a mental schema for dealing with a given mathematical situation (Maharaj 2010) . For a student to have a function schema, she/he should have: (1) a process or an object conception of a function; and (2) a process or an object conception of a composition of functions. For a derivative schema she/he should have: (1) a process conception of differentiation; (2) previously constructed schemas of functions, composition of functions and derivatives to define the chain rule; and (3) recognised and applied the chain rule to specific situations. The tasks used in the current study were designed to help students construct a complete derivative schema.
COLLECTION AND ANALYSIS OF DATA
The participants for this study were 197 first-year engineering University of Technology students in KwaZulu-Natal in 2011. A questionnaire was administered to a sample of 30 first-year students covering categories including: definition of functions, composition and decomposition of functions, derivatives and chain rule embedded in an integrand. The other instruments included activities, class work, exercises and tutorial tests. The questions in the questionnaire tested the students' understanding of the: (1) definition of functions using domain and range; (2) definition of functions using graphical methods; (3) composition of functions; (4) decomposition of composed functions; (5) derivative; and (6) application of the chain rule.
Although this was in the form of pencil and paper work, of importance to the researchers was the procedure students used to answer the questions and not whether their answers were correct or incorrect. Interviews were conducted with six participants chosen on the basis of their responses to the written instrument.
DATA ANALYSIS AND FINDINGS
A questionnaire consisting of 12 items was administered to the 30 students. The items addressed the following skills in the given sequence: (1) items 1 and 2 focused on whether a given graph represented a function or not; (2) items 3 and 4 focused on students' understanding of the composition of functions; (3) items 5.1 to 5.6 dealt with students' applications of the rules for derivatives, including the chain rule; and (4) items 6.1 and 6.2 focused on integration where the chain rule is embedded in the structure of the integrand. Students' written responses to the 12 items in the questionnaire were coded (scored) using a 5-point rubric based on the guidelines adapted and modified from Carlson (1998) . This rubric was also used to report on the pilot phase of the study (Jojo, Maharaj and Brijlall 2012) . These guidelines were used to construct a specific rubric for each item. The analysis of the results was based on two considerations: (1) the initial genetic decomposition of the concept of the chain rule was used to guide the researcher's teaching instruction in class and guided the construction of the interview tasks used; and (2) Piaget's triad mechanism which consists of three stages discussed before. By analysing what the students wrote, the researchers gained an understanding of how the students negotiated the mathematics embedded in the context. Figure 2 gives a summary of the scores gained by the participants in each category based on the above description. From the graph the scores revealed a lower mean score on answers displayed for the composition of functions and a higher mean score for the derivative category. This indicates that most students presented correct answers for the latter category even though they did not clearly understand the composition and decomposition of functions. The findings and discussions are presented according to the following four categories:
(1) Functions, (2) Composition of functions, (3) Derivatives, and (4) The structure of the integrand. In each category the item(s) is/are given followed by students' responses. At the end of the section we present a formulation of three techniques for chain rule differentiation.
Functions
Two items in this category were used to find mental constructs displayed by students in the understanding of functions.
Item 1 Is a student correct to identify the following as a function? Explain.
One of the responses introduced two vertical lines on the graph (see Extract 1). An interview with the student indicated the closed dots and she later explained that drawing the second line was to ascertain that the closed dots were in line. She knew that the zig-zag part of the graph indicated a non-function. The student's processes of understanding of graphical representations had been encapsulated to an object. This was evident from the complete response and explanation given during the interview, where she used the properties of continuity and the vertical line test to clarify her written response. She was scored 5 since she showed all the mental constructions proposed in the genetic decomposition regarding the graphical representation of a function; 18 out of 30 students displayed correct responses. Item 2 A given correspondence associates 3 with each positive number; −3 with each negative number; and 1 with 0. A student has marked the aforementioned relationship as a function. Is that correct? Support your answer.
In this item only 5 students out of 30 gave a complete response indicating complete mathematical understanding of the domain and range of a function. Those students were scored 5 and had given a complete response for item 1 also. Figure 3 illustrates the number of students who attained the different scores. Twelve students could not make sense of the description of a function regarding a set of ordered pairs. A few students interviewed indicated that this concept was not part of the examinable content in their mathematics course, so they did not think it was important. 
Composition of functions
The task for Item 3 appears below:
The results showed that most students experienced difficulty in dealing with the composition of functions (only 14 out of 30 displayed a complete understanding of the composition of functions). Most of them indicated that they did not understand the '  ' in between the functions and hence could not come up with the correct computations. It was noticed that the few students who showed evidence of working with composite functions in the object stage of APOS were operating in the action stage when they had to decompose the functions. They lacked the ability to reverse their thought processes of previously interiorised actions. Those students were restricted to the action stage of the concept of a function concept.
The question for Item 4 appears below: Given that ( f o g)(x) = -10 sin 5x cos 5x: 4.1 Find functions f and g that satisfy this condition. 4.2 Is there more than one answer to part (a)? Explain.
For Item 4, 12 out of 30 students were scored 1 out of 5. One of the participant's work was captured in Extract 2 below.
Extract 2: Lutho's response to Item 4
They operated in the action stage regarding decomposing the given function to f and g that satisfied the condition. They did not know which steps to take because they were restricted to the formula interpretation of the composed function. A summary of the scores in this category is illustrated by Figure 4 . Note that for the composition of two functions (of the type required in Item 3) the mean score is higher than that for the decomposing of functions (of the type required in Item 4). Scores were allocated as indicated in Table 2 . The results indicated high scores for this category. A high score of 4.8 was recorded for this category and it was the highest of all the categories. A summary of the scores for the different items in this category is displayed in Figure 5 . It is evident from Figure 5 that a higher number of scores were clustered around a mean score of 4. Although most students (19 out of 30) differentiated correctly, brackets and the format of the response were neglected. Some students misrepresented the derivative of cos x as sin x, leaving out the negative sign. Those students were just differentiating as an action, not taking care of constructing meaning to it. For them it was just using rules and knowing the derivative of a particular function. There were no processes coordinated. Those students were operating in the action stage since they saw the given function as a formula and the error of leaving out the negative sign, meant that those actions were not interiorised to processes. When asked to state the chain rule, one response was:
Zwayi: You mean I must write it down. Kungeko sibalo, kungekho lutho. (When there is no calculation just general.)
Researcher: Given f (g (x) ), find the derivative.
He took his pen, preparing to write, then shook his head and said: Zwayi could not state the chain rule. He was nonetheless able to apply it with reasonable explanations and displayed full understanding of the concept. He had been scored 5 as per the explanation he gave on how he arrived at his answer. The reflection on operations applied to differentiation, realisation of transformations, and being able to construct the transformations implied that Zwayi had an object conception of the chain rule. The totality of the concept was not complete though since he could not state the rule. This concurs with Naidoo (2007) , who asserts that the correct answers given by students do not necessarily prove that they understand the concept. Buhle's response is displayed in Extract 3. During the interview, Buhle tried to justify the method he used for differentiating Item 5.2 as opposed to the one he used for Item 5.3.
Extract 3: Buhle's response to Item 5.2
Buhle used the Leibniz form of differentiation in Item 5.2. In his explanation he linked the composition and decomposition of functions to differentiation. He was clear as to which function was affected by the power rule and demarcated between Task, 5.2, where the angle is squared compared to Task 5.3 where the trigonometric function is cubed. In tasks 5.3 to 5.6 he used the straight form technique of chain rule differentiation and application of the chain rule without u-substitution. He went back and forth applying differentiation freely and correctly. The process of differentiation has been encapsulated to an object derivative. He displayed coherence of understanding of a collection of derivative rules and understanding of the composition of functions. According to the triad he was operating in the Trans-stage. Buhle scored 5 in all the tasks involving use of the chain rule, and the composition and decomposition of functions.
Only five students could not make the relevant mental constructions, while 12 out of 30 students displayed complete understanding showing all the aspects of the mental constructions proposed in the genetic decomposition.
The structure of the integrand
The questions for this category are given below.
Items 6.1 and 6.2
This category aimed at reinforcing the use of the chain rule in expressions where it was embedded in the structure of the integrand. About 75 per cent of the responses indicated the use of the chain rule via the Leibniz form technique of differentiation, reversing the process and then integrating. Most students operated in the Inter-stage in this category. This is encapsulation as implied by Piaget's (Berth and Piaget 1966) notion of reflective abstraction where the construction of the chain rule extends to another level and includes new forms of the process being built, drawing from previous ones to form an object.
Three techniques for chain rule differentiation
Comparisons were made between the three different techniques used in chain rule differentiation. The first technique is the one using the Leibniz form technique. The second one is where students differentiate from the innermost function and move outwards. We shall henceforth refer to this method of chain rule differentiation as the link form technique of the chain rule. The third technique involves straight application of the chain rule in differentiation. We shall refer to this method of differentiation as the straight form technique. In this technique students used the chain rule mechanically by finding the derivatives of all the functions starting with the function on the outside of the given problem and multiplying out. For example, differentiate: y = ln sinx
We have characterised three forms of the chain rule:
CONCLUSIONS AND RECOMMENDATIONS
The students mostly operated in the process stage of APOS with regard to their understanding of functions. They could make general arguments about functions, imagining transformations and performing actions without external stimuli. This understanding is insufficient to help students to deal with higher order calculus which requires an understanding of the concept of functions. The results indicated that 67 per cent of students operated in the Intra-stage. They had a collection of rules for substituting in algebraic expressions in various situations but had no recognition of identifying the explicit functions that made the composite. Students who operated in the Intra-stage of composition of functions schema development were those who saw the various rules of composition and decomposition as unrelated.
Items 5.1 to 5.6 dealt with differentiation using the chain rule. The findings were discussed and classified according to the techniques students followed in applying the chain rule. Most students who used the straight form technique of differentiating , ) 5 2 cos( 3 − = x y treated the trigonometric function as being cubed instead of the angle (2x -5). They indicated an action understanding of the given function where the existing schema of powers and a function of an angle were not taken to account. It was only during interviews with some of the students that they took note of this. The students in the pilot study who indicated and associated using the chain rule with peeling an onion, could state the chain rule, but displayed an incorrect response using the straight form technique to solve Item 5. Evidence of schema understanding of this item was indicated by 57 per cent of the subjects in interviews and in written responses while 36 per cent had the processes of differentiation encapsulated as objects. Those students could reflect on operations applied to differentiation; realised transformations; and were able to construct such transformations in totality.
The data analysed disputed the fact that in order to understand the chain rule, students need decomposition of function schema. The fact that students differentiated correctly using the chain rule rejects this hypothesis. Students struggled with the manipulation of algebraic terms. This involved leaving brackets where they were required and minor errors of inserting a negative sign instead of a positive sign. For example, in differentiating y = (cosec 3
x + e tanx ) 2 students gave responses like without closing the first bracket after the first e tanx and just continuing with addition instead of multiplication or opening another bracket before 3 cosec 2 x. Nonetheless, high scores were recorded for differentiation against the lowest scores attained for decomposition of functions.
A schema for the chain rule is an individual's collection of actions, processes, objects as well as other concepts that are perceived to be linked to the chain rule. These concepts include the student's understanding of functions, the composition of functions, derivatives and use of the chain rule. The results revealed that students who operated in the Intra-stage with regard to understanding functions and their compositions, operated in the Trans-stage with regard to differentiation.
Thus the proposed genetic decomposition was modified as follows. For a student to have his or her function schema, he or she:
• had developed a process or an object conception of a function; and • had developed an action or a process conception of the composition of functions.
For a derivative schema, the student:
• had developed an object conception of differentiation;
• then used the previously constructed schemas of functions, composition of functions and derivative to define the chain rule. In this process, the student recognised a given function as the composition of two functions, took the derivatives separately and then multiplied them;
• recognised and applied the chain rule to specific situations using either the straight, link or Leibniz form technique. The student could think of an interiorised process of differentiation in reverse to construct a new process by reversing the existing one.
Based on the above genetic decomposition we recommend that all first-year students should be taught the concept of functions and their behaviour explicitly and these should be examinable. They should be guided through instructional design to a level of understanding functions that is past the process stage. Students should realise that some actions can be carried out resulting in some transformation on a function. The encapsulations of those processes would then result in students operating in the object stage of this concept. It is then a collection of all the actions on functions, processes, objects together with other schemas and their relationships will help the students to process the composition of functions. Processes like continuity, limits, mappings, graphical representations, composite functions and their decomposition as a totality should be a firm background knowledge on which first-year students can build their understanding of the chain rule. It is, therefore, recommended that the content for first-year engineering mathematics accommodate this. Also from the findings of the study, we recommend that students be taught all three techniques of chain rule differentiation identified in the current research. This is because students exposed to all techniques indicated full understanding of how to use the chain rule. The straight form technique which involves straight application of the chain rule was easily used by students who had a schema of the chain rule. This involved a collection of actions on algebraic manipulations and using multiplication and correct signs where necessary. Students who struggle with signs and use of brackets are advised to stick to the link form technique where differentiation starts from the innermost function and moves outwards. Students struggling with the chain rule can always, in any given composite function, use the Leibniz form technique where they substitute for various functions, differentiate and multiply.
